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·¤Ä¯K´µ½ê1 < a < m, gcd(a,m) = 1, Oê1 < u <
m ¦
au ≡ 1 (mod m).
é{`§·IéÑa−1 (mod m).
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êm¡½1§êa¡
Ûê§¤Oa−1 (mod m) ¡¦Ç"
35êÖÊÙ6¥§Êµ“û¦â Ûmþ ½Øme áUu
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X =
(
x11 x12
x21 x22
)
"{Ñ\£=Ð©
G¤´
X0 =
(
1 Ûê
0 ½1
)
,
ÑÑ£=ªG¤´
Xf =
(
Ûê
−1
(mod ½1) 1
∗ ∗
)
.
Êû¦â§^ 8{ó§±ù£ã1µ
Ñ\êa,m ÷v1 < a < m, gcd(a,m) = 1
ÑÑêu ¦ua ≡ 1 (mod m).(
x11 x12
x21 x22
)
←
(
1 a
0 m
)
;
while (x12 > 1) do
if ( x22 > x12 )
q ← bx22−1
x12
c ;
r ← x22 − qx12;(
x11 x12
x21 x22
)
←
(
x11 x12
qx11 + x21 r
)
;
if ( x12 > x22 )
q ← bx12−1
x22
c ;
r ← x12 − qx22;(
x11 x12
x21 x22
)
←
(
qx21 + x11 r
x21 x22
)
;
u← x11;
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êÚ §x12 = 1§O¤"
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êa ≥ b, ·3{Ø{Lª
a = qb+ r
¥5½q = ba−1
b
c, r = a− qb"
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bX31ÛêÚ§Cþx22®C1§@o7kx12 > x22"3“{”{
KeOÑq = x12 − 1, r = 1"¤±3eÚG¥x12 = 1§ª§S^÷
v"ùL²û¦â^“{”${KT/¢y"¦^
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4. -v = −ua−1
m
, ·=Be´zout ªµua+ vm = 1.
5. ·Ñ§gcd(a,m) = d, Iòþ¡/ªÊ{¥ while £´^
¤(x12 6= x22)§Bkua+ vm = d¤á§Ù¥vÓþ±"
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Input:
a,m with 1 < a < m, gcd(a,m) = 1,
Output:
integer u such ua ≡ 1 (mod m).(
x11 x12
x21 x22
)
←
(
1 0
0 1
)
;
n← 0;
while (a 6= 0) do
q ← bm
a
c ;
r ← m− qa ;
temp← x11;
x11 ← qx11 + x12;
x12 ← temp;
temp← x21;
x21 ← qx21 + x22;
x22 ← temp;
m← a;
a← r;
n← n+ 1;
u← (−1)n+1x12;
¼{
Input:
a,m with 1 < a < m, gcd(a,m) = 1,
Output:
integer u > 0 such ua ≡ 1 (mod m).(
x11 x12
x21 x22
)
←
(
1 a
0 m
)
;
while (x12 > 1) do
if ( x22 > x12 )
q ← bx22−1
x12
c ;
r ← x22 − qx12;
x21 ← qx11 + x21;
x22 ← r;
if ( x12 > x22 )
q ← bx12−1
x22
c ;
r ← x12 − qx22;
x11 ← qx21 + x11;
x12 ← r;
u← x11;
>{u = a−1 (mod m)"u U´Kê"ùCu ← m + u"
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7. ,	:§·ÑÊ{ë©ê%C'X"knê a
m
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
a
m
=
1
u1 +
1
u2+
1
...+ 1uL
, [0;u1, u2, · · · , uL]
ék ≤ L − 1, Pαk
βk
, [0;u1, u2, · · · , uk]"·w§XJk´Ûê§βk´Ê
{¥1kÚCþx21§dαk{ü/OÑ§=αk =
x21a+x22
m
(ë[6]);
XJk ´óê§Kβk T´{¥1k ÚCþx11, ù«¹eαk =
x11a−x12
m
"
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ÈÚªo´m:
x11x22 + x12x21 = m. (1)
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(
x11 x12
x21 x22
)
=
(
1 a
0 m
)
´÷v(1) "bX1k Ú
GÝ
÷vx11x22 + x12x21 = m"·Ä/x12 > x22 (¹x22 > x12´aq)"
ìÊ{§·Px12 = qx22 + r"u´#GÝ
ÈÚª
(qx21 + x11)x22 + rx21 = (qx22 + r)x21 + x11x22
= x12x21 + x11x22 = m.
ùØCþ, Ø%ÙnØþ¿Â, 3{^(M)¢y¥?1ÅÚØ´©
k^"
 , ·±O~f5(å!"ùp·Ñ[Ú½"
~ 2.1 O7−1 (mod 480) Ú17−1 (mod 480)"
)—^Ê{µ(
1 7
0 480
)
q=68,r=4
=====⇒
(
1 7
68 4
)
q=1,r=3
====⇒
(
69 3
68 4
)
q=1,r=1
====⇒
(
69 3
137 1
)
q=2,r=1
====⇒
(
343 1
137 1
)
.
7−1 (mod 480) = 343"
(
1 17
0 480
)
q=28,r=4
=====⇒
(
1 17
28 4
)
q=4,r=1
====⇒
(
113 1
28 4
)
.
17−1 (mod 480) = 113"
)—^*ÐîAp{µ
a = 7,m = 480§(
1 0
0 1
)
q=68,r=4
=====⇒
(
68 1
1 0
)
q=1,r=3
====⇒
(
69 68
1 1
)
q=1,r=1
====⇒
(
137 69
2 1
)
q=3,r=0
====⇒
(
480 137
7 2
)
.
7−1 (mod 480) = −137"
K{§·a−1 (mod 480) = 480−137 = 343"
a = 17,m = 480§(
1 0
0 1
)
q=28,r=4
=====⇒
(
28 1
1 0
)
q=4,r=1
====⇒
(
113 28
4 1
)
q=4,r=0
====⇒
(
480 113
17 4
)
.
17−1 (mod 480) = 113"
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4
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N
Ãë©ê%Cαk
βk
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N = 127500208680326196140543393076134711975049313523640692189589639147676229467742574042029816524620049215
077489387711287689369536324069128091132776777547245005575706769746489452449350462820520522678510653312
548747210876571525861879314445359889343795944129250022560199598115746412978847902572646147627413433675
991502991174370753496756368652250819862595203848417490573708380878132855184825017856070168997434668538
504481410661496608936246882580688859388863906659035258718893722754742243353291402890096881266415064148
275554064537593243107929730546685972941139094264653083080332716210215167691814079240851908190412839800
91239
e = 472049477097536430837662877918218050006370021639277588908160157073030319408714786658944620964817776911
361635395602496818209464251234285298676116836620610162090187576843267613222878230225611639848256904001
527242078827579844274360173665083329244872052831144042774495588057975478658138256538826723586373857344
040286323671271290305988448936421741880480350762224741532025179931392068843764243542497506827284630649
115343508994598965733149262084561428900542836945004077607391818040620055418654908725070332780082779902
046806864784969431711366768305197218633659552766499947614736191241650927008006432796772085894985351223
4733
·^Ê{31289ÚéÑ
hd§§´Cþx21"ÙäNêi
d = 25725311755587232979280912304243479415128939986866864028014017831429194115356383271737491643761291042
28545795227330433801188197965100155818885685746678117
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x ≡ r1 (mod m1)
x ≡ r2 (mod m2)
· · ·
x ≡ rk (mod mk)
(2)
Ù¥êm1,m2, · · · ,mkØ¦üüp"Pdij = gcd(mi,mj)"N´wÑþã§)
¿^´dij|ri− rj"ÊJø){ûoêâ§Lµ“Ãê üüë
¦ Û6ó H. DCê ½1 m1 áUf 1 ±½Ã
1 p¦1f ¶ûê g±½1÷ûê {¶Ûê ±Ûê½1 ^
ûâ¦”"du"'nØµe§ù{qØß{'"'u“Û6
ó”Ú½§©zþkX*:Ø)º"þ§ùp¹
=§S§§|(2)
d/C¤·Ù¥I{½n/ª:
x ≡ r1 (mod a1)
x ≡ r2 (mod a2)
· · ·
x ≡ rk (mod ak)
(3)
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Ù¥êa1, a2, · · · , aküüp§ai|mi§lcm(m1,m2, · · · ,mk) = a1a1 · · · ak. !Ì
´£ã'u(2)g,){¿òÑù«){ÄÅE,U35êÖÊÙ6¥
é"
-M = lcm(m1,m2, · · · ,mk)£dê´ûoêâ¥½1È¤"ézi =
1, 2, · · · , k, PMi = Mmi"Ïgcd(M1,M2, · · · ,Mk) = 1§ÏL*ÐîAp{·±
éêu1, u2, · · · , uk¦
u1M1 + u2M2 + · · ·+ ukMk = 1. (4)
XJx0´(2))§@ox0u1M1 + x0u2M2 + · · · + x0ukMk = x0"dux0 ≡ ri (mod mi)§
·
x0 ≡ r1u1M1 + r2u2M2 + · · ·+ rkukMk (mod M).
ùÒÑ
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N´PÁ§
Ùg3± ©z¥é£~X[2]¤"
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´(4)ª"·5¿3ùL§¥(4)ª±e¡'XO
µ
v1
M
a1
+ v2
M
a2
+ · · ·+ vkM
ak
= 1 + gM, (5)
Ù¥êvi =
(
M
a1
)−1
(mod ai)´^û¦âÑ¦Ç"ª(5)35êÖÊÙ6¥

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On the Algorithmic Significance and Analysis of the
Method of DaYan Deriving One
by Guangwu Xu and Bao Li
ABSTRACT
Modulo inverse is an important arithmetic operation. Many famous algorithms in public
key cryptography require to compute modulo inverse. It is argued that the method of
DaYan deriving one of Jiushao Qin provides the most concise and transparent way of
computing modulo inverse. Based on the rule of taking the least positive remainder in di-
vision, this paper presents a more precise algorithmic description of the method of DaYan
deriving one to reflect Qin’s original idea. Our form of the algorithm is straightforward
and different from the ones in the literature. Some additional information can be revealed
easily from the process of DaYan deriving one, e.g., the invariance property of the perma-
nent of the state, natural connection to continued fractions. Comparison of Jiushao Qin’a
algorithm and the modern form of the Extended Euclidean algorithm is also given. Since
DaYan deriving one is the key technical ingredient of Jiushao Qin’s DaYan aggregation
method (aka the Chinese Remainder Theorem), we present some explanation to the latter
as well.
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